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Abstract 

We classify the standard model fermions, which originate from bulk 
fields of the 27 or 27 representation after orbifold breaking, in £"6 grand 
unified theories on 5 or 6-dimensional space-time, under the condition 
that q, e c and u c survive as zero modes. 
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1 Introduction 



Grand unification is attractive, because it offers a unification of force and a 
(partial-)unification of quarks and leptons in each family. |TJ |2l |3) In the grand 
unification based on the E & gauge group, E 6 has the standard model (SM) gauge 
group G SM = SU(3)c x SU{2)i x U{l)y as a subgroup, the left-handed multiplet 
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of the 27 representation includes the SM matters in each family, and the SM 
Higgs particle can be in a member of bosonic component in the multiplet of 

27. m 

However, lot of extra particles exist in multiplets of E§, e.g., 66 extra ones in 
the gauge boson multiplet of 78 and 11 extra ones in each matter multiplet of 
27. In most cases, the unwelcome particles are expected to be heavy after the 
breakdown of E 6 into G SM and decouple in the low-energy physics, because they 
are not chiral under G SM . It can be backed by the survival hypothesis. |5| In this 
case, it depends on models which particles survive in the SM. 

In 4-dimensional models, a Weyl fermion of 27 contains two sets of the 
charge conjugated state (d c ) of right-handed down type quark, the charged lep- 
ton doublet (/) and the neutrino singlet (v) in the SM language, and one of them 
or a linear combination of them would be the SM one. 

By the extension of models on a higher- dimensional space-time including 
orbifolds as an extra spaceQH two additional features are provided. One is that 
right-handed Weyl fermions can also appear after compactification, because a 
fermion on the higher- dimensional space-time contains both left-handed and 
right-handed components in terms of 4-dimensional Weyl fermion. Hence a 
fermion of 27 can contain mirror particles for d c and I. Some of them (which 
would be right-handed components) can be regarded as d° and I (which would 
be left-handed ones) after the charge conjugation has been carried out. In a 
similar way, 27 can be also useful on the model-building, because SM fermions 
can originate from it. The other is that 4-dimensional fields are regarded as zero 
modes after imposing orbifold boundary condition. In this process, the survival 
hypothesis does not necessarily work, and it depends on boundary conditions 
which particles survive in the low energy theory. 

Considering the above features, it is interesting to study under what type 
of boundary conditions SM matters survive after orbifolding. In this paper, we 
classify the SM particles, which originate from bulk fields of 27 or 27 after orb- 
ifold breaking, in £ 6 grand unified theories on 5 or 6-dimensional space-time, 
under the condition that the quark doublet {q), the charge conjugated state 
(e c ) of right-handed electron type lepton and the charge conjugated state (u c ) 

1 Models based on orbifold were initially utilized on the construction of 4-dimensional string 
models. 1 6 7 Higher-dimensional grand unified theory on orbifold has been proposed with 
several attractive features. (8||9) Higher- dimensional Eg grand unified theories on orbifold have 
been studied from several aspects. IT0l[lTlfT2l[T3l 

2 The constructions of low-energy theory have been make through dimensional reduction 
over coset space. ri4irT5l[T6l 
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of right-handed up type quark survive as zero modes. The analysis is carried 
out based on the subgroup SLA (3) x S[7(3) x SU[3) of E G and the diagonal em- 
bedding of Z M orbifolding (M = 2,3,4,6). 

The outline of our paper is as follows. In the next section, we explain fea- 
tures of Eq grand unified theory and Zjv orbifold breaking. We classify the SM 
matters, which originate from bulk fields of 27 or 27 by orbifolding in section 3. 
In the last section, conclusions and a discussion are presented. 

2 E 6 GUT and Z N orbifold breaking 
2.1 E 6 grand unification 

E s has three types of maximal subgroup such as SO(10) x [7(1), S[7(6) x SU{2) 
and SIT (3) x SU(3) x SU(3).\U\ We consider the subgroup G M = S[7(3) c x SU(3) L x 
SU(3)x- Here, the first S[7(3) is identified with SU(3)c, the second one contains 
SU {2) L as a subgroup, and the third one is denoted by SU{3)x- Under G Tli and 
its subgroup G 32m = SU(3) C x SU(2) L x [7(1) I8 x U{l)x3 * U{1)xb, The 27 and 27 
representations are decomposed into a sum of multiplets such that 

27 =(3, 3,1) + (1,3, 3) + (3, 1,3), (1) 
(3,3, 1) = (3,2)1/3^,0 + (3, l)-2/3,o,o > 

(1,3,3) = (l,2)_i/3,i,i/3 + (l,2)_i/3,_i,i/3 + (l,2)_i/3, ,-2/3 

+ (1» 1)2/3,1,1/3 + (1> 1)2/3,-1,1/3 + (1, 1)2/3,0,-2/3 . 
(3, 1,3) = (3, 1)0,-1,-1/3 + (3, Do,i,-i/3 + (3, Do,o,2/3 (2) 

and 

27 =(3, 3,1) + (1,3, 3) + (3, 1,3), (3) 
(3,3, 1) = (3,2)_i/3,o,o + (3, 1)2/3,0,0 > 
(1,3,3) = (1, 2)1/3 -1,-1/3 + (l>2)i/3,i,_i/3 + (1,2) 1/3,0,2/3 

+ (1, l)-2/3 -1,-1/3 + (1. l)-2/3,l,-l/3 + (1, l)-2/3,0,2/3 . 

(3, 1,3) = (3, 1)0,1,1/3 + (3, Do,-i,i/3 + (3, 1)0,0,-2/3 , (4) 

where representations of G Tri and G 32m are denoted as (St/(3)o SU (3)l, SU(3)x) 
in Q} and © and as (SlA(3)c, SU{2) l )q LBi q X3i q X8 in © and ©, respectively. Here, 
Ql8. Qx3, and Q X 8 are [7(1) charges relating [7(1) L8 , U(1) X 3 and U{1) X8 , respec- 
tively. 
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If we require that one family of SM matters should be included in a 27, there 
exist three types of definition for the hypercharge 7 in the SM such that 



1 

7 = - 




7 = 



(5) 



The representations are given based on Tqj in Tabled In Table[2j fermions de- 
noted by q, u°, d c a , l a , e c and v° a (a = 1,2) have the SM gauge quantum numbers 
such as (3,2,1/6), (3,1,-2/3), (3,1,1/3), (1,2,-1/2), (1,1,1) and (1,1,0), and 
some of them are expected to become members in one family Note that q, e c 
and u° belong to (3,3, 1), (1,3,3) and (3, 1,3), respectively. As mentioned in the 
introduction, 27 contains two kinds of d c , I and v c , and the label a is attached 
to distinguish them. Their mirror particles are denoted by Q°, U, D a , L c a , E 
and N a whose SM gauge quantum numbers are given by (3, 2, - 1 /6), (3, 1, 2/3), 
(3,1,-1/3), (1,2,1/2), (1,1,-1) and (1,1,0), respectively. Note that both v c a and 
N a are candidates of SM singlet neutrinos. 

For the definition 7( 2 ), L c , e c and u c should be exchanged into l\, and d[, 
respectively. For the definition 7(3), L c , e c and u c should be exchanged into h, 
v° 2 and d^, respectively]! 

For the gauge bosons, the 78 repesentation is decomposed into a sum of 
multiplets such that 



(8, 1,1) = (8, Do.0,0, 

(1,8,1) = (l,3)o,o,o + d,2)i,o,o + (l,2)_i, ,o + U,Do,o,o , 
(1, 1,8) = (1, 1)0,2,0 + (1, Do,o,o + (1, Do,-2,o + (1, Do,i,i 

+ (1, l)o _i,i + (1, l)o,i,-i + (1, Do,-i,-i + (1- Do.o.0 > 

(3,3,3) = (3,2)_ 1/3 -1,-1/3 + (3,2)_i/ 3) i ) _ 1 /3 + (3,2)_ 1 /3 )0 ,2/3 

+ (3, 1)2/3,-1,-1/3 + (3, 1)2/3,1,-1/3 + (3, 1)2/3,0,2/3 , 
(3,3,3) = (3,2)1/3,1,1/3 + (3, 2) 1/3 -1,1/3 + (3,2)1/3,0,-2/3 

+ (3, l)-2/3,l,l/3 + (3, l)-2/3,-l,l/3 + (3, l)-2/3,0,-2/3 > (7) 



under G Tri and G 32111 , respectively. 



3 These features are understood from the existence of B-symmetry group SU[2)e defined in 

COD. 



78 = (8, 1, 1) + (1,8, 1) + (1, 1,8) + (3,3,3) + (3,3,3) , 
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2.2 Z N orbifold breaking 

First let us consider 1 -dimensional orbifold S 1 /Z 2 as an example. The S 1 /Z 2 is 
obtained by dividing the circle S 1 (with the identification y ~ y + 2nR through 
the translation T : y —>■ y + 2nR) by the Z 2 transformation Z 2 : y —>■ -y so that 
the point y is identified with —y. Both end points y = and 7rP are fixed points 
under the Z 2 transformation. The operations are also characterized by Z 2 and 
Z' 2 {- Z 2 T):y^ 2nR - y in place of Z 2 and 7\ 

Accompanied by the identification of points on the extra space, the follow- 
ing boundary conditions for a field 0(x, y) can be imposed on 

<D(x,-y) = T 9 [P mx,y) , <S>(x,2nR-y) = T*[Pi\<f>tx,y) , (8) 

where 7$[P ] and 7$ [Pi] represent appropriate representation matrices with 
Po and Pi standing for the representation matrices of the fundamental repre- 
sentation for the Z 2 and Z' 2 transformation, respectively. The representation 
matrices satisfy the relations 7$[Po] 2 = / and 7b [Pi] 2 = I because of the Z 2 
symmetry property, where I is the unit matrix. 

The eigenvalues of 7$[P ] and T^[P\] are interpreted as the Z 2 parity for 
the extra space. The fields with even Z 2 parities have zero modes, but those 
including an odd Z 2 parity have no zero modes. Here, zero modes mean 4- 
dimensional massless fields surviving after compactification. Massive Kaluza- 
Klein modes do not appear in our low-energy world, because they have heavy 
masses of 0(1/ R), with the same magnitude as the unification scale. Unless all 
components of non-singlet field have a common Z 2 parity, a symmetry reduc- 
tion occurs upon compactification because zero modes are absent in fields with 
an odd parity. This type of symmetry breaking mechanism is called "orbifold 
breaking mechanism" o The orbifold breaking on S l I Z 2 is characterized by Po 
and Pi. 

Next we consider 2-dimensional orbifold S 1 /Z 2 x S 1 /Z 2 and T 2 I Z^ (N = 
2,3,4,6) in order. 

The orbifold breaking on S 1 /Z 2 x S l I Z 2 is characterized by two pairs of Z 2 
transformation matrices denoted by (Pio, Pi i) and (P2o»P2i)-l26| 

Let z be the complex coordinate of T 2 /Z N . Here, T 2 is constructed using a 
2-dimensional lattice. On T 2 , the points z + e\ and z + e 2 are identified with the 

4 The Z2 orbifolding was used in superstring theory|19| and heterotic M-theory.|20) In 
field theoretical models, it was applied to the reduction of global SUSY, 1 21 22 1 which is an 
orbifold version of Scherk-Schwarz mechanism, [23] [24] and then to the reduction of gauge 
symmetry. [25] 
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point z where e\ and e 2 are basis vectors. The orbifold T 2 I Z N is obtained by 
dividing T 2 by the Z N transformation Z N : z — >■ pz {p N = 1) so that the point z is 
identified with pz. 

For T 2 I Z 2 , basis vectors are given by e\ = 1 and e 2 = i, and the orbifold 
breaking is featured by Po, Pi and Pz, which are related to the Z 2 transforma- 
tions z——z, z^ e\- z and z — ► e 2 - z, respectively. Basis vectors, representa- 
tion matrices and their transformation property of T 2 I Z^ are summarized in 
Table 1. (261 l27rl Note that there is a choice of representation matrices and Pi 
for the Z 2 transformation z — ► e\ - z is also used in T 2 I Z<± and T 2 1 Zq. Fields 
possess discrete charges relating eigenvalues of representation matrices for Zm 
transformation. Here, M = N for N = 2, 3 and M = AT, 2 for N = 4, 6. 



Table 1: The characters of T 2 1 Z^. 



N 


.Baszs vectors 


matrices 


Transformation property 


2 


hi 


Po, Pi, Pz 


z—*—z, z — * e\ — z, z — ► e 2 — z 


3 


j glnil'i 


&0, ©1 


z— e 2nili z, z^ e 2nil3 z + e x 


4 


i,i 


Qo, Pi 


z—>iz,z—>ei-z 


6 


l,(-3+/v / 3)/2 


Ho, Pi 


z -* e nil3 z, z^ e\- z 



2.3 Elements for Z M transformation 

We explain the assignment of discrete charge or element for Zm transformation 
using the breakdown of SU(3) into its subgroups as an example. 
In the case with the representation matrix 

P fl = diag(pi,pi,p 2 ) , pi^pz, (9) 

SU{3) is broken down to SU{2) x U{1). Here, p ; s are elements of Zm, i.e., pf 1 = 1 
and we refer them to Zm elements^ Then the fundamental representation 3 is 
decomposed into a sum of multiplets such that 

3 = 2i /3 (t7Pi) + I-2/3 [vPz) , (10) 

5 Though the number of independent representation matrices for T 2 1 Z§ is stated to be three 
in (26), it should be two because other operations are generated using z — ► e nll3 zand z—* e\—z. 

6 The Zm elements are given by e 2mnlM {n = 0, l,--- ,M — 1), and the number nIM is the 
charge for Zm transformation, which is usually called Zm charge. 
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where numbers listed in bold font in the right hand side stand for representa- 
tions of SU{2), numbers indicated by a subscript are U (1) charge and symbols 
in the bracket are Zm elements (t] is the intrinsic Zm element of 3). The con- 
jugate representation 3 is equivalent to the antisymmetric part of the product 
3x3, and hence 3 is decomposed into a sum of multiplets such that 

3 =[(2i/ 3 + 1-2/3) x(2l/ 3 + l-2/3)U 
= [(2i/ 3 X l_ 2/3 ) + (1-2/3 x 2 il3 )] A + [2i/ 3 x 2 m ] A 
= 2_ m [fjp l p 2 ) + l 2 /3 (?7(pi) 2 ) - (ID 

where the subscript (A) represents antisymmetric part and f] is the intrinsic Z M 
element of 3. Using (pi) 2 p2 = cc, CCD is rewritten by 

3 = 2_ 1/3 ^'p 1 ) + l 2 /3(n'P 2 ) - d 2 ) 

where p ; - {i = 1,2) is the complex conjugation of p z - and f\' = f\a. 
In a similar way for the representation matrix 

i? fo = diag(pi,p 2 ,p 3 ) , pi^p 2 , Pi^p 3 , P2^p 3 , (13) 

SU (3) is broken down to C7(l) x U (1), and then the 3 is decomposed into a sum 
of multiplets such that 

3 = (1,1/3; T] Pl ) + (-1, 1/3; 77P2) + (0, -2/3; t] P3 ) , (14) 

where numbers in the right hand side stand for representations of C7(l) charges 
and symbols are Zm elements including the intrinsic Zm element rj. The 3 with 
the intrinsic Z M element f] is decomposed into a sum of multiplets such that 

3 = (0,2/3; f) P ip 2 ) + (-1,-1/3; 77p 2 p 3 ) + (l, -1/3; f] Pl p 3 ) . (15) 

Using pip2p 3 = p\ CE3 is rewritten by 

3 = (0,2/3; 7fp 3 ) + (-1,-1/3; rf'pi) + (1,-1/3; ?f P 2 ) - C16) 

where p ; - (; = 1, 2, 3) is the complex conjugation of p j and rj" = f)f5. 

Finally, we explain a fermion on 6-dimensional spacetime. We use the met- 
ric x]mn = diag(l, -1,-1,-1,-1,-1) (M, N = 0, 1, 2, 3, 5, 6) and the following rep- 
resentation for 6-dimensional gamma matrices: 

r^ = r ^o-3, r 5 = J 4 x4 ® ivi , r 6 = / 4 x 4 ® Z02 , (17) 
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where /i = 0, 1,2,3 and ^4x4 is the 4x4 unit matrix. The T M s satisfy the Clif- 
ford algebra {T M ,T N } = 2r\ MN where t] MN is the inverse of t]mn- The chirality 
operator T 7 for 6-dimensional fermion W is defined as 



p0plp2p3p5p6 



T5 ® 0-3 , 



(18) 



where 75 is the chirality operator for 4-dimensional fermion. The fermion C¥+) 
with positive chirality and the fermion 0P_) with negative chirality are given by 



i + r 7 
2 

i-r 7 



VP: 




(19) 



(20) 



respectively. 

In terms of 4-dimensional Weyl fermions NP^, ^ and ^F^, the kinetic 
terms for x ¥+ and *P_ are rewritten as 



i^i^^i + WrJ^d^ - m L D z m R + m^d^I , (2i) 



iW-T M D M W. 



where W+, T z and T z are defined by 



(22) 



vpt r o = ^n r o_ Y 2t r o 



r z = - (r 5 + iT 6 ) = n 4x4 ® <7+ , r z = - (r 5 - zT 6 ) = ij 4X 4 ® o-. 



(23) 
(24) 



and z = x 5 + z'x 6 and z = x 5 - z'x 6 . The Kaluza-Klein masses are generated from 
the terms including D z and Dj upon compactification. 

There are two choices of assignment for 4-dimensional SM fermions from 
6-dimensional Weyl fermion, i.e., or m 2 L . Let us take ^ as the SM fermions. 
The Zm element of V¥ 2 R ) C (charge conjugation of is the complex conju- 
gation of W 2 R , and that of \P| is determined by the Z M invariance of the ki- 
netic term Ell and the transformation property of the covariant derivative Zm '• 
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D z — p~D z and Dj — p_Dj with p = e ~ 2nilM and p = e 2nilM . From these obser- 
vations, the following relation holds between the Zm element of *¥ l L and that of 
its mirror fermion (C¥ R ) C ), 

^ [W 2 rV = p&yi , (25) 

where is the complex conjugation of ^V|- If we take ^ as the SM fermions, 
the following relation holds between the Zm element of T^ and that of its mir- 
ror fermion {{ x a l ^) c ), 

&> { yi R)c = p&yz , (26) 

where 5^2 is the complex conjugation of ££\p2 . 

The above choices of assignment for T^ or lead to same results for species 
with zero modes and unbroken gauge group, because they are related each 
other by exchanging between p = e 2nilM and p = e~ 2nilM . The construction 
of Z N orbifold does not depend on the choice of p(^ 1). Hence we take W 2 L as 
the SM fermions, in the following. 



3 Classification of SM particles 

3.1 Assignment of Z M elements 

The orbifold breaking is characterized by a set of representation matrices. We 
consider the embedding by diagonal matrices based on the subgroup G Tri = 
SU(3)c x SU(3)l x SU{3)x, for simplicity. Let us take the representation ma- 
trix 

R M = diag(pi,pi,pi) x diag(p 2 ,p 2 ,P3) x diag(p 4 ,p5,P6) (27) 

to keep SU{3)c and SU{2)l unbroken. Here, p/s are elements of Zm- 

The species and Zm element for matters derived from 27 are assigned in 
TableEl In the 4-th and 6-th column, SPf L and 3?{f R y are the Z M element of left- 
handed fermion and its charge conjugation of right-handed fermion, respec- 
tively. The 2?{f R y is determined by using |f26|. The r] is the intrinsic Zm element 
of 27, and p, is the complex conjugation of p ; -. This assignment is applicable to 
the case with the extra space S l I Z 2 . 
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Table 2: The species and Z M element for matters derived from 27. 



Representations 


y (l) 


f 

JL 




(JR) 




1/3,0,0 


1/6 


q 


VPlP2 


Q 


P^PlP 2 


(3, 1) -2/3,0,0 


-1/3 


D 


WlP3 


d c 


prjpiPs 


(1> 23-1/3,1,1/3 


1/2 


L c 


77P2P3P4 


I 


P*l P2P3P4 


(l,2)_i/3 -1,1/3 


-1/2 


h 


VP2P3P5 


LF 
^1 


PVP2P3P5 


(l,2)_i/3,o,-2/3 


-1/2 


h 


VP2P3P6 


IF 
^2 


PVP2P3P6 


(1,1)2/3,1,1/3 


1 


e c 


r]{p2) 2 Pi 


E 


PW 2 ) 2 P~4 


(1-1)2/3,-1,1/3 





vf 


f?(P2) 2 P5 


N x 


P^(P 2 ) 2 P5 


(1, 1)2/3,0,-2/3 





v 2 c 


r)(p2) 2 p& 


N 2 


P^(P 2 ) 2 P6 


(3, l)o,-l,-l/3 


-2/3 


u c 


T](pi) 2 p 5 p 6 


U 


PWifPsPe 


(3, 1)0,1,-1/3 


1/3 


d{ 


?7(Pl) 2 p4P6 


D x 


PWlf~P~4~P6 


(3, l)o,0,2/3 


1/3 


d c 2 


??(Pl) 2 p4P5 


D 2 


P^(Pl) 2 P 4 P5 



In Table |3j the species and Zm element 5% and 5^ for multiplets from 

(3,3,3) and (3,3,3) of G Tri are given. Here, their Z M element is determined by 
use of results for SU{3) in 2.3, without considering that they are originated from 
78 of£ 6 . 



Table 3: The species and Z M element for gauge bosons. 



Representations 






Representations 


b a 




(3,2)_i/3 -1,-1/3 


bi 


P1P2P3P5P6 


(3,2)1/3,1,1/3 


b x 


(pl) 2 P2p4 


(3,2)_i/3,i ,_!/3 


b 2 


P1P2P3P4P6 


(3, 2)1/3 -1,1/3 


b 2 


(Pl) 2 P2p5 


(3,2)_i/3,o,2/3 


b 3 


P1P2P3P4P5 


(3,2)1/3,0,-2/3 


b 3 


(P1) 2 P2P6 


(3,1)2/3,-1,-1/3 


b 4 


Pl(P2) 2 p5P6 


(3, l)-2/3,l,l/3 


b 4 


(pl) 2 P3p4 


(3,1)2/3,1,-1/3 


b 5 


Pl(P2) 2 p4P6 


(3, l)-2/3,-l,l/3 


b 5 


(pl) 2 P3p5 


(3, 1)2/3,0,2/3 


K 


Pl(P2) 2 p4P5 


(3, l)-2/3,0,-2/3 


b 6 


(P1) 2 P3P6 



From the Zm invariance of gauge kinetic term, the following relations are 
derived 

(Pl) 3 (P2) 2 P3P4p5P6= 1 , (P2) 2 P3P4P5P6 = 1 • (28) 

10 



The first relation comes from that the Z M element for the gauge boson with 
complex- conjugate representation R is the complex conjugation for that with 
R. In fact, the relation P1P2P3P5P6 = (Pi) 2 P 2 P4 is required for the Z M element 
of the pair (3,2)_ 1/3 -1,-1/3 and (3,2)1/3,1,1/3, and the same relation is obtained 
for other pairs. The second one comes from that all terms in the field strength 
F MN should possess a same Z M charge. In fact, the product of Z M elements 
(3,2)_i/3 -1,-1/3 and (3,2)_i/ 3 ,i ,_i/ 3 should equal to that of (3, 1) -2/3,0 -2/3, and 
the same relation is obtained for others. 

From the Zm invariance of 27 x 27 x 27 up to an overall factor^ we obtain 
the relation 

(Pi) 3 = (P2) 2 P3 , P4P5P6=1- (29) 

Combining l[28]l and J291, we obtain the relation 

(Pi) 3 = (P2) 2 P3 = P4P5P6 = 1 , (30) 

and (pi) 3 = 1 leads to 

p 1 = l (M = 2,4), p l = l,o),o) 2 (M = 3,6), (31) 

where oj = e 27llls . It is shown that 2P\, a and S 2 ^ agree with those obtained from 

27x27 by use of ([30J. 

Then we find that the Zm element for {/r) c from 27 agrees with that for f L 
from 27 and the Z M element for f L from 27 agrees with as that for (/a) c from 
27, if the intrinsic Z M element of 27 is assigned by 7727 = prj. Hence we study 
the classification based on 27. 

Now let us impose the following conditions from a phenomenological point 
of view, in order to reduce the assignment of Zm element. 
1. The species q, e c and u c in each family of the SM survive as zero modes after 
compactification@ 

7 We can construct Zm invariant terms such as 27 a x 27b x 27 c or 1 x • • • x 1 x 27 x 27 x 27 by 
introducing differnt multiples and /or gauge singlets 1 with a suitable intrinsic Zm element. 

8 There is a proposal that a large flavor mixing in lepton sector and a milder mass hierarchy 
of leptons and down-type quarks than up-type quarks can be explained from a difference of 
origin for species. That is, the species in 10s of SU{5) come from the corresponding 27s, and 
those in 5s come from the first two 27s. 28 This interesting possibility would be excluded if 
we impose a stronger condition that all members of one family survive as zero modes after 
compactification. 
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2. Most zero modes of mirror fermions (except SM singlets) are projected out 
by orbifolding. 

Using the assignment of Zm element in Tableland the first condition, the 
relations r\p\Pi = 1, r]{p 2 ) 2 p4 = 1> and T]{pi) 2 p 5 p e = 1 are required. 
Combining them with ([28J and {29), we derive the relations 

P2 = r}Pi =^(Pi) 2 - P3 = V 2 Pi =r l 2 (pi) 2 > p4 = T](pi) 2 , p 6 = rjpip 5 . (32) 
Hence the representation matrix is given by 

R M = diag(pi,pi,pi) x diag(^(pi) 2 ,?y(pi) 2 ,77 2 (pi) 2 ) 

x diag(77(pi) 2 ,p 5 ,77pip 5 ) , (33) 

where pi = 1 for M = 2,4 and pi = \,(d,oj 2 for M = 3,6. 
Using 11331 . the Zm element for fa is given by 

9» q = &> e c =&> u c = l, @> D = &> L c = rf , & h = T] 2 Pl p 5 , 

&k = ?7(Pi) 2 p 5 - &v\ = VPiPs , &vl = V 2 (pifp 5 > 

&> d c = V(Pi) 2 P5> &dc = V 2 Pip5- (34) 

Then the following relations hold 

&h = r] 3 @> v c = rf& d c , rf& h = & v c = &> d c . (35) 
In the same way, the Zm element for (/r) c is given by 

S?qc = S?e = 3?u = P , &v = S?i = prf , S?l\ = prj 2 [pifp 5 , 

= PWlp5 , &Ni = PV(Plf~P~5 > ^N 2 = PV 2 PIP5 , 

&> Dl = prjpip 5 , ^Dz = pr/ 2 (pi) 2 p 5 . (36) 
Then the following relations hold 

&L\ = fS? Nl = P 2 ^D, , P 2 t&q = P 2 &N 2 = &D 2 ■ 07) 

For reference, the Zm element for extra gauge bosons with non-vanishing 
gauge quantum numbers is given by 

S% = 1 , &> h2 = ry(pi) 2 p 5 , = v 2 PiPs , &b 4 = rf , 

&b 5 = ?7 2 (pi) 2 P5 - @>b 6 = VP1P5 , &b 7 = rf , &> bB = T?(pi) 2 p 5 > 
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5% = r?(Pi) 2 (p 5 ) 2 , &b w = ri 2 ipifp 5 , 



(38) 



where b 7 is (l,2)i j0 , , and b 8 , b 9 and b w are (1, l) ,2,o. d J_)o -1,1. and (1, l) ,-i,-i, 
respectively. The Z M element for b a is given by S 2 ^ be - 
lieve, we point out generic features. 

(a) The mirror fermions such as Q°, E and U are always projected out, because 
they have the Zm element p = e 2nilM ^ 1. 

(b) The mirror fermions such as D and L c have a same Zm element and are 
projected out, if d c and / have zero mode. 

(c) The extra gauge bosons with (3,2)_i/3,-i,-i/3 and (3,2)i/ 3 ,i,i/ 3 always have 
zero modes, and E 6 does not break down to G Tri and its subgroups in our setup. 

Because the representation matrix based on Yp) (F( 3 )) is obtained by ex- 
changing p 4 and p 5 (p 4 and p 6 ), we obtain same results irrespective of the defi- 
nition of hypercharge. Hence we consider the case with Y^, in the following. 

3.2 M = 2 

The representation matrix for M = 2 is given by 

R 2 = diag(l, 1, 1) x diag(77, rj, 1) x diag(r/, p 5 ,t]p 5 ) , (39) 

where we use rj = r\, p\ = 1 and p 5 = p 5 , . 

The matrix | [39l is characterized by t] and p$. The Z 2 element and species 
with even parity are given in Table |H In Table |U the species in square bracket 



Table 4: The Z 2 element and species with even parity from 27. 



V 


P5 


Species with even parity 


Gauge group 


1 


1 


q, e c , u c , D, L°, l\, l 2 , d[, d^, v c v v c 2 


E 6 


1 


-1 


q, e c , u c , D, L c , [L{\, [L c 2 ], [D\], [D 2 ], [Ni], [N 2 ] 


sum x su{2) 


-1 


1 


q, e c , u c , [d c ], [I], h, [L c 2 ], [Di], d c 2 , [N x ], v c 2 


SO(10) x [/(l) 


-1 


-1 


q, e c , u c , [d c ], [I], [LI), l 2 , d{, [D 2 ], v{, [N 2 ] 


SO(10) x U(l) 



originate from the charge conjugation of right-handed one. For reference, we 
list a case that d° and I are absent. 

Zero modes are reduced by the combination of representation matrices, 
and they are given by the intersection of them. Here, we give an example with 
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all members of one SM family (except a neutrino singlet) in the smallest gauge 
group. For S l I Z 2 , the combination of representation matrices such that 



generates zero modes of [q, e c , u c , [d c ], The gauge group is SU{5) x U{1) 2 . 
For T 2 /Z 2 , the same matters and gauge group are obtained with P 2 = Po or Pi, 
as well as the above P and Pi. 

3.3 M = 3 

The representation matrix for M = 3 is given by 

R 3 = diag(pi,pi,pi) x diag(?7 2 (pi) 2 ,77 2 (p 1 ) 2 ,77 2 (pi) 2 ) 

x diag(?7(pi) 2 ,p5,f7 2 Pi(p5) 2 ) , (42) 

where we use rj = rj 2 , p : = (pi) 2 and p 5 = (P5) 2 . The following relations hold 

S? q = S? e c = 0» u c =&> D = &> L c = l, 

& h = & v c = W d{ = W h = & v c = S? d c = rfpip 5 , (43) 
S?qc = 2? E = S? u = S? d c=2? l = p, 

&l\ = & Nl = p 2 & Dl = P 2 &q = P 2 &n 2 = &d 2 = p?7(Pi) 2 (p5) 2 ■ (44) 

In this way, zero modes of mirror particles such as D and L c always appear. 
Zero modes of li, l 2 , v[, v c 2 , d[ and d 2 can survive together in the case with 
P1P5 = V- Then the mirror particles such as L c a and D a are projected out be- 
cause of 3? L ^ = 0P Nl = p 2 £?Di = P 2 2?l c 2 = P 2 S^n 2 = ^d 2 = P- Hence the fermions 
such as q, e c , u c , l a , v c a , d c a , D and IF {a = 1,2) survive after comp aerification 
and E 6 is unbroken, in the case with pip 5 = rj. 

3.4 M = 4 

The representation matrix for M = 4 is given by 

P 4 = diag(l,l,l) x diag(r/ 3 ,77 3 ,77 2 ) x diag(r?, p 5 ,r? 3 (p 5 ) 3 ) , (45) 
where we use rj = if , pi = 1 and p 5 = (P5) 3 . The following relations hold 



P = diagd, 1, 1) x diag(-l, -1, 1) x diag(-l, 1, - 
Pi = diagd, 1, 1) x diag(-l, -1, 1) x diag(-l, 1, 1) 



1) 



(40) 
(41) 
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&h = = rf&d* = V 2 P5, 

rf~& h = & v c = &> d c =r] 2 p 5 , (46) 

S?q c - £?e = £?u = P » 2?dc = &>i = pri, 

S?l\ = ri&N, = p 2 riS? Dl = pr? 2 (p 5 ) 3 , 

P 2 l&q = P 2 &n 2 = &d 2 = pr? (p 5 ) 3 ■ (47) 

Here, we consider a possibility that all charged mirror fermions are pro- 
jected out by Z 4 orbifolding, for simplicity. The value of intrinsic Z 4 element 
is determined as rj = i, - 1, - i to project out D and L c . The value of ps is deter- 
mined as p 5 = for r\ = i, p 5 = 1,-1, -z for r\ = -1 and p 5 = 1, i for r\ = - i to 
project out D 2 and L^. 

The Z4 element and species with zero modes are given in Table [5j The 
species in square bracket originate from the charge conjugation of right-handed 
one. For reference, we list a case that d° and / are absent. 



Table 5: The Z 4 element and species with zero modes from 27. 



V 


P5 


Species with zero modes 


Gauge group 


i 


i 


q, e c , u c , l 2 , d[, v[, [N 2 ] 


SO(10) x U{1) 


i 


-1 


q, e c , u c , h, d c 2 , v c 2 , [N x ] 


SO(10) x U(l) 




— i 


q, e c , u c , [Ni], [N 2 ] 


SU{5) x SU{2) x U(l) 




1 


q, e°, u°, h, d%, v c 2 


SO(10) x U(l) 




-1 


q, e c , u c , l 2 , d[, v\ 


SO(10) x C/(l) 




1 


q, e c , u c , [d c ], [I], [Ni] 


SU(5) x U(l) 2 




i 


q, e c , u c , [d c ], [I], [N 2 ] 


SU{5) x U(l) 2 



Here, we give an example with all members of one SM family (except a neu- 
trino singlet) in the smallest gauge group. The combination of representation 
matrix for Z4 and Z 2 such as 

Qo = diag(l, 1, 1) x diag(z, z',-1) x diag(-/, 1, z) , (48) 
Pi = diagd, 1, 1) x diagd, 1, 1) x diagd, 1, 1) , (49) 

we have a model with just SM family members, i.e., zero modes of q, e c , u c , 
[d c ], [I] and [Ni\, and the gauge group SU{5) x C/(l) 2 . 
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3.5 M = 6 

The representation matrix for M = 6 is given by 

i? 6 = diag(pi,pi,pi) x diag(77 5 (pi) 2 ,ry 5 (pi) 2 ,?7 2 (pi) 2 ) 

x diag(77(pi) 2 , p 5 , fy 5 pi (p 5 ) 5 ) , (50) 

where we use rj = if, (pi) 3 = 1 and p 5 = (P5) 5 . The following relations hold 

& q = &> e c = @> u c = l, 0P D = 3? L c = rf , 

&> h = T] 3 &> v c = rf& d c = rfS? h = 2? v c 2 = g? d c 2 = ry 2 p lP5 , (51) 

&Q* = &e = S?u = P , S?d< =&l = prf , 

= rf&N, = pW&Di = pW&q = P 2 &n 2 = 2?d 2 = pr]\pi) 2 {p^ . (52) 

Note that d c and I are always projected out. 

The assignment of Z 6 element and gauge group are given in Table El Here, 



Table 6: The assignment of Zq element for 27. 





(7?>Pl) 


Gauge group 


77 2 pip 5 = 1 


ip m 


p n ) (m = 1,3,5, n = 


0,2,4) 


SO(10) x C/(l) 


T] b pip 5 = 1 


(P m 


p") (m = 1,3,5, n = 


0,2,4) 


SO(10) x [/(!) 



we consider a possibility that all charged mirror fermions are projected out and 
kept all members of one family {q, e c ,u c , l\, v c 2 , d 2 ) or {q, e c ,u c , h, v\, d[) by 
Zq orbifolding, for simplicity The value of intrinsic Zq element is determined 
as rj = p,p 3 ,p 5 (p = e 711 ' 3 ) to project out D and L c . If we choose rj 2 pip 5 = 1 to 
survive zero modes of l\, v c 2 and d~, zero modes of other fermions except for q, 
e c and u c are projected out because of SPip = t] 3 3^ Nl = p 2 rf&> Dl = p 2 q 3 ^L c 2 = 

p 2 g?N 2 = £?d 2 = P- m the same way, if we choose t] 5 pip 5 = 1, zero modes of q, 
e c ,u c , I2, v\ and d[ survive and those of others are projected out. 

By a suitable combination of representation matrix for Zq and Z2, e.g., 

Rq = diagd, 1, 1) x diag(p 5 , p 5 , p 2 ) x diag(p, p, p 4 ) , (53) 
R 2 = diagd, 1, 1) x diagd, 1, 1) x diagd, 1, 1) , (54) 

we have a model with just SM family members, i.e., zero modes of q, e c ,u c , h, 
v\ and d[, and the unbroken gauge group SO(10) x IA(1). 
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4 Conclusions and discussion 



We have classified the standard model particles, which originate from bulk fields 
with 27 or 27 after orbifold breaking, in E 6 grand unified theories on 5 or 6- 
dimensional space-time, and found that just standard model family members 
survive under relatively big gauge groups such as SO(10) x [/(l) and SU{5) x 
C/(l) 2 after orbifolding, under the condition that q, e c and u c survive as zero 
modes. They can be a starting point to study a realistic grand unified theory 

There are several open questions towards realistic model building, which 
are left future work. 

First one is how to break SO(10) x [/(l) and SU{5) x U{1) 2 down to the SM 
gauge group G SM , and further how to break the electroweak one SU(2)l x f/(l) y 
down to U{\)em and give masses to matter fields. The breakdown of extra 
gauge symmetry can be realized by the vacuum expectation value (VEV) of 
extra scalar fields through Higgs mechanism and/or some extra-dimensional 
components of gauge field, if there exist, thanks to Hosotani mechanism. (291 
As another path, there is a possibility that smaller gauge groups such as G Tri and 
G 32111 are obtained through orbifolding, unless the condition that q, e c and u° 
survive as zero modes is imposed on. 

Second one is how to understand the origin of three families. Orbifold fam- 
ily unification models may give us a hint. (301 13~T1 . 

Last one is how to verify higher- dimensional E G grand unification on orb- 
ifold. In 4-dimensional models, there are proposals that fermion masses can 
be useful probes 1 32 1, and sfermion masses can be also useful to know a pattern 
of gauge symmetry breaking in the super symmetric (SUSY) extensions. (33 340 
Hence it would be interesting to study the structure of Yukawa couplings and 
sfermion mass relations based on SUSY.^ orbifold grand unification models. 
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